The aim of this paper is to numerically investigate the orbital dynamics of the circular planar restricted problem of five bodies. By numerically integrating several large sets of initial conditions of orbits we classify them into three main categories: (i) bounded (regular or chaotic) (ii) escaping and (iii) close encounter orbits. In addition, we determine the influence of the mass parameter on the orbital structure of the system, on the degree of fractality, as well as on the families of symmetric and non-symmetric periodic orbits. The networks and the linear stability of both symmetric and non-symmetric periodic orbits are revealed, while the corresponding critical periodic solutions are also identified. The parametric evolution of the horizontal and the vertical linear stability of the periodic orbits is also monitored, as a function of the mass parameter.
Introduction
One of the most well-studied problems in non-linear dynamics is the restricted few-body problem. This problem describes the motion of a test particle in the combined gravitational field of N primary bodies, with N ≥ 3. In principle, the test particle may (i) move in bounded (regular or chaotic) orbits around the primaries, (ii) escape from the system, (iii) or even collide with one of the primaries. Knowing the final state of the test particle is of great interest because it allows us to divide the phase space into different areas of motions, which are usually known as basins of escape or bounded basins.
Over the years, several numerical methods and computational tools have been used for determining the character of orbits in the restricted three-body problem (RTBP) [52] , as well as in other more complicated dynamical systems. These numerical techniques are mainly based on the computation of dynamical indicators, such as the Fast Lyapunov Indicator (FLI) (see e.g., [15, 17, 32] ), the normally hyperbolic invariant manifolds (NHIMs), associated with the equilibrium points of the system (see e.g., [5, 7, 19, 20, 26, 27, 29, 32, 60] ), or even the second species solutions (see e.g., [14] ).
The first classification of the solutions of the RTBP has been presented in [10] , while for the case with h < 0 the Chazy classification is supplemented by a fundamental hypothesis (see e.g., [3] ). In [38, 39] the orbital dynamics of the planar RTBP has been investigated by classifying into several categories large sets of initial conditions of orbits. This work has been continued in [57] , while in [54] we used his numerical techniques in an attempt to reveal the orbital structure of the circular restricted problem of three bodies, when one of the primary bodies is an oblate spheroid. In the same vein, in [58] we numerically explored the orbital dynamics in the planar circular equilateral restricted four body-problem. The same numerical methods can also be applied for the study of realistic dynamical systems, such as planetary and celestial systems. For example, the orbit classification has been deployed in [13] for the Earth-Moon system, in [46] for the Sun-Earth-Moon system, in [55] for the Saturn-Titan system and in [56] for the Pluto-Charon system.
The periodic solutions of a dynamical system is, without any doubt, an issue of paramount importance. All started with the pioneer works of Poincaré [43] , who suggested that the most efficient method for revealing the orbital structure of a dynamical system is by using the "valuable solutions" (les solutions préciuses), as he was calling the periodic solutions. Poincaré argued, and later it was confirmed by himself [44] as well as by Birkhoff [9] , that the periodic solutions are "dense" everywhere in the set of all bounded solutions.
Since then, a large amount of research papers have been devoted on the study of periodic solutions, in numerous of dynamical systems. In the present work, we will numerically investigate the periodic solutions in the case of the planar restricted five-body problem, for several values of the mass parameter β. A previous study on the periodic solutions in this dynamical system has been presented in [36] , while in [42] we numerically explored the orbital dy-namics of the five-body system, when all the primaries are sources of radiation. Over the years, the problem of five bodies has been proved a very fertile research ground (e.g., [4, 18, 21, 22, 28, 30, 31, 33, 34, 37, 47, 49, 50] ). A generalization of the five-body problem has been performed in [28] where the motion of the massless test particle, under the influence of N − 1 primary bodies in a circular configuration, has been investigated.
The present study will be focused on the simplest periodic solutions of the system, that is the periodic orbits which intersect only twice, per period, the horizontal xaxis of the system. In particular, we are going to reveal the network of the families of both symmetric and nonsymmetric periodic orbits, for several values of the mass parameter. For complicity, for all families of the periodic solutions and for each periodic orbit the corresponding linear stability (horizontal and vertical) will be also computed. At the same time, the horizontal and verticalcritical periodic solutions of all the orbital families will complete our numerical exploration on the network of periodic orbits.
The article's layout is the following: all the important properties of the mathematical system are described in Section 2. The following Section 3 contains all the numerical outcomes of the orbit classification, while in Section 4 we present a thorough and systematic numerical analysis on the network on both symmetric and non-symmetric periodic solutions. Our paper ends with section 5, where the concluding remarks are given.
Properties of the dynamical model
The configuration of the circular restricted problem of five bodies (four primaries plus a test particle) is the following: three primary bodies, P 1 , P 2 , and P 3 , are situated at the vertices of an equilateral triangle (for which the lengths of the sides are equal to unity), while the fourth P 0 lies at the center of the equilateral triangle (see Fig. 1 ). It is assumed, that all the primaries perform circular orbits around their common center of gravity. Furthermore, the fifth body acts as a test particle (with mass significantly smaller that those of the primary bodies) and therefore it does not perturb, in any manner, the coplanar motion of the primaries.
In order to describe the motion of the test particle, we choose a rotating reference frame for which the origin O(0, 0) of the coordinates, is identical to the mass center of the system. The first three primaries have equal masses m 1 = m 2 = m 3 = m, while the mass of the central primary P 0 is m 0 = β m. At this point, it should be emphasized that when the central primary body P 0 is absent (that is when β = 0) the configuration of the system is automatically reduced to that of the equilateral restricted problem of four bodies. Due to the equality of the mass of the peripheral primaries (P 1 , P 2 , and P 3 ) the system admits a 2π/3 symmetry, with three axes of symmetry y = 0, y = √ 3 and y = − √ 3. The centers of the primaries are: (
, and (x 0 , y 0 , z 0 ) = (0, 0, 0).
The time-independent effective potential is, according to [40] Ω(x, y, z) = 1 k
where
while
are the respective distances of the test particle from the four primary bodies.
In the synodic frame of reference the set of the equation which describe the motion of the test particle under the mutual gravitation attraction of the four primaries is
are the first order derivatives of the effective potential. The dynamical system admits only the well-known Jacobi integral of motion. The corresponding Hamiltonian is given by
where of courseẋ,ẏ, andż are the respective velocities, associated with the coordinates x, y, and z, respectively, while C is the conserved numerical value of the Hamiltonian.
The number of the equilibrium points in the planar circular restricted five-body problem is in fact a function of the mass parameter β. In [59] we showed that when β lies in the interval (0, 0.01402112) there exist fifteen libration points, while when β ∈ (0.01402113, ∞) there are only nine libration points. In the same paper we also investigated the parametric variation of the positions as well as of the linear stability of the equilibrium points, as a function of the mass parameter.
Orbit classification
The dynamical system of the planar circular restricted five-body problem has two free parameters, that is the mass parameter β and the Jacobi constant C. In this section, we will demonstrate how the variation of the numerical values of these parameters influences the orbital dynamics of the system.
Following the pioneer works of Nagler [38, 39] we will numerically integrate large sets of initial conditions in order to determine the nature of the orbits. The most convenient two dimensional plane is the (x, C) plane which allow us to examine a continuous spectrum of energy levels (note that the orbital energy is directly related with the Jacobi constant through the relation C = −2E). Therefore, we define dense uniform grids of 1024 × 1024 initial conditions (x 0 , C 0 ), with −6 ≤ x 0 ≤ 2.5 and −6 ≤ C 0 ≤ 6. We choose the particular interval −6 ≤ C 0 ≤ 6 because our previous experience suggests that the most interesting orbital dynamics of the system appears in this energy interval. For all orbits y 0 =ẋ 0 = 0, while the initial value of theẏ velocity is always obtained through the Jacobi constant (6) 
The initial conditions of the orbits will be classified into three main categories:
1. Orbits performing bounded orbits around the primaries. 2. Orbits leading to close encounter with one of the primary bodies. 3. Orbits escaping from the scattering region of the system.
For distinguishing between the above-mentioned types of the orbits we need to define appropriate numerical criteria. In particular, bounded and escaping motion can be obtained as follows: a disk with radius R = x 2 + y 2 = 10 is defined on the configuration (x, y) plane. Then if an orbit stays confined, during the entire period of the numerical integration, inside this disk we have the case of bounded motion. On the other hand, if the test particle intersects the radius of that disk, with velocity pointing outward, then we have the scenario of escaping motion. For the case of close encounter motion we define a disk around each primary with close encounter radius R ce = 10 −3 . Therefore close encounter occurs when the test particle crosses the radius R ce , with velocity pointing inwards (with direction pointing to the center of the primary). The numerical values regarding both the escaping as well as the close encounter radii were chosen according to [38, 39] . In the case where a close encounter orbit enters a region of radius 10 −2 around one of the primary bodies we automatically apply the Lemaitre's global regularization method, thus following the approach used in [13] .
It would be very informative if we could further distinguish between ordered and chaotic bounded motion, using a chaos indicator. Fortunately, there are plenty available chaos indicators, such as the Lyapunov Characteristic Exponent (LCE) [8] , the Fast Lyapunov Indicator (FLI) [16] , the Relative Lyapunov Indicator (RLI) [48] , the Orthogonal Fast Lyapunov Indicator (OFLI) [15] , the Smaller Alignment Index (SALI) [51] , and the Mean Exponential Growth of Nearby Orbits (MEGNO) [11] . For this task we choose the SALI method. The character of an orbit is revealed through the value of SALI at the end of the numerical integration. More precisely, an orbit is nonescaping regular if SALI > 10 −4 , while an orbit is surely trapped chaotic if SALI < 10 −8 . If however, the final value of SALI lies in the interval [10 −8 , 10 −4 ] then the particular orbit is called "sticky orbit" and further numerical integration (using higher integration time) is needed for reaching to safe conclusions about its nature.
In our computations, all the initial conditions of the orbits were numerically integrated for 10 4 time units, using a variable time step. Such a high total time of the numerical integration is justified if we take into account that we want to make sure that all initial conditions will be integrated for sufficient time, so as to reveal their true nature.
The nature of motion on the (x, C) plane, for four values of the mass parameter β is presented in Fig. 2(a-d) , by using modern color-coded diagrams. Each pixel in these plots corresponds to an initial condition (x 0 , C 0 ) and it is The color code is the following: bounded regular orbits (green); trapped sticky orbits (magenta); trapped chaotic orbits (yellow); close encounter orbits to primary P 0 (blue); close encounter orbits to primary P 1 (red); close encounter orbits to primary P 2 (purple); close encounter orbits to primary P 3 (orange); escaping orbits (cyan). The energetically forbidden regions are shown in gray. (Color figure online).
colored according to the character of the orbit. The limiting curves, which distinguish between the energetically allowed and forbidden regions of motion are defined as 2Ω(x, y = 0) = C.
and they are shown as black, solid lines in Fig. 2(a-d) .
It is seen, that between the energetically forbidden regions, and close to the primaries, several stability islands are present. The initial conditions inside these stability islands correspond to both prograde and retrograde quasiperiodic orbits. It should be noted that all these orbits circulate only around one of the primary bodies. Nonescaping regular motion is also observed outside the energetically forbidden areas, where we identify two main stability islands. Additional numerical calculations suggest that the non-escaping regular orbits of these stability islands have a major difference with respect to those located in the interior region (between the forbidden areas). More precisely, all the non-escaping regular orbits with initial conditions in the exterior region circulate around all the primary bodies. Initial conditions corresponding to trapped (sticky or chaotic) motion are located in the vicinity of the stability islands.
The vast majority of the (x, C) planes is covered by initial conditions which escape from the scattering region. Collision initial conditions are mainly located between the two stability islands of the exterior region, where they form complicated spiral structures. One may observe, that between the stability islands of the exterior region there a complicated highly fractal (chaotic) mixture of initial conditions of escaping and close encounter orbits. It should be emphasized that when we state that the particular region on the (x, C) plane is highly fractal, we simply imply that it displays a fractal-like geometry. Later however, we are going to present additional quantitative results regarding the degree of fractality of the (x, C) plane.
With increasing value of the mass parameter β the most noticeable changes on the structure of the (x, C) plane are the following: 1. The area of the energetically forbidden regions increases, while at the same time these regions tend to converge with each other. 2. The two stability islands of the exterior region come close to each other and consequently the contained fractal mixture of initial conditions is significantly reduced. 3. The percentages of the close encounter orbits corresponding to the peripheral bodies (P 1 , P 2 , P 3 ) decreases, while the rate of the close encounter orbits to the central primary P 0 increases.
The respective distributions of the escape (using tones of red) and close encounter (using tones of blue) times of the orbits are illustrated in Fig. 3(a-d) . It becomes evident that the highest values of both escape and close encounter time are encountered in the vicinity of the basin boundaries, where all the fractal structures are present.
Additional useful conclusion can be extracted by monitoring the evolution of the rates of all types of the orbits as a function C. In Fig. 4(a-d) we present the parametric variation of the rates of all types of the orbits for the corresponding cases (values of β), shown earlier in Fig. 2(a-d) . We see, that in general terms the overall pattern is quite similar in all four cases. In particular, for extremely low and high values of the Jacobi constant escaping motion completely dominates, while on the other hand, close encounter motion is more prominent for intermediate values of C. It should be noted, that the energy range for which close encounter motion has non-zero values decreases as the central primary becomes more massive. Indeed, when β = 0.05 this interval is roughly about −2 < C < 4, while for β = 50 it shrinks to −1 < C < 1. We may argue that these energy interval are the most important ones, where the orbital structure of the dynamical system is more rich and therefore interesting.
Our analysis suggests that mainly in the above-mentioned energy intervals the average escape as well as the close encounter times of the orbits display a common hierarchy. In particular, as the value of the mass parameter β increases (which implies a more massive central body, with respect to the other three equally massed peripheral bodies) both the average escape and close encounter times of orbits seem to increase.
So far, we discussed the degree of fractality only by using qualitative arguments, regarding the geometry of the (x, C) plane. However it would very informative to present some quantitative arguments, regarding the parametric evolution of the degree of fractality. A convenient way is by computing the uncertainty or fractal dimension, by following the approach used in [1, 2] . In panel (a) of Fig.  5 we depict the evolution of the uncertainty dimension D 0 , as a function of the mass parameter β. It is evident that the fractal dimension reduces, as the mass of the central primary body increases, following an exponential decay.
Very recently, a new quantitative method, for measuring the degree of the basin fractality (or unpredictability), was introduced [12] . This new tool, which is called "basin entropy" S b , examines the topological properties of the basin diagrams and provides accurate quantitative results about their degree of fractality. The numerical algorithm of how basin entropy works is explained in detail in [12] .
In panel (b) of Fig. 5 we present the parametric evolution of the basin entropy of the (x, C) plane, as a function of the mass parameter β. Obviously, for creating this diagram we used information not only from the four cases shown in Fig. 2 , but also from additional cases. It is observed that the basin entropy exhibits a smooth decrease, with increasing value of β. This phenomenon however, was anticipated because as we seen in Fig. 2(a-b) the area on the (x, C) plane covered by a complicated mixture of initial conditions of orbits (the regions in the exterior region between the two stability islands) decreases, as we proceed to higher values of the mass parameter. Nevertheless, we found that the reduction of the degree of fractality (as it was measured by both the uncertainty dimension and the basin entropy) of the (x, C) plane follows a specific smooth and monotonic trend.
The networks of periodic orbits

Families of symmetric periodic orbits
In this subsection we will apply the grid method [35] for obtaining the network of the families of the symmetric periodic orbits of the system (see e.g., [6] ). Our numerical search will be expanded for periodic orbits with multiplicity n up to ten. In other words, we will obtain those periodic orbits which display up to twenty cuts with the x-axis, per period. At this point, we would like to explain that the choice of the maximum value of the multiplicity (n = 10) is not entirely arbitrary. In particular, we decided to search for periodic orbits with multiplicity up to ten in an attempt to obtain a complete view, regarding the network of the families of the periodic orbits of the system. Our numerical analysis takes place for four values of the mass parameter β, in order to determine the influence of this parameter on the network of the periodic orbits.
The presentation of the network of the periodic orbits, on the (x, C) place, takes place through those initial conditions which lead to close periodic orbits, after 1, 2, ..., 10 oscillations. These initial conditions form the characteristic curves of the families of the symmetric periodic orbits. It should be noted that we present those periodic orbits, with initial conditions x 0 , y 0 =ẋ 0 = 0, andẏ 0 > 0 (i.e. "positive" perpendicular intersection with the x-axis). In Fig. 6 (a-d) we illustrate the network of the families of the symmetric periodic orbits (with n = 1, 2, ..., 10), for four values of the mass parameter β. The several colors represents the available values of the multiplicity n. For instance, with green color we depict the simple periodic orbits with multiplicity n = 1 (those periodic orbits which display two perpendicular cuts with the x-axis, per period), with red color the symmetric periodic orbits with multiplicity n = 2, etc.
Looking at the four panels of Fig. 6 it becomes evident that the mass parameter β strongly influences the network of the families of the symmetric periodic orbits. This is true because for relatively small values of β the periodic solutions expand in a vast region of the (x, C) plane. With increasing value of the mass parameter however, the area of the periodic solutions is reduced and confined. When β = 0.05 the vast majority of the periodic solution appear in the energy range −6 < C < 6, while the energy range is confined to −2 < C < 2, for β = 50. Additional numerical calculations for β > 50 indicate that the overall structure of the network of the symmetric periodic orbits on the (x, C) plane remains almost unperturbed, by the shift on the value of the mass parameter.
Another interesting conclusion of the study of the network of the families of the symmetric periodic orbits is the following: it seems that for high enough values of the mass parameter β the families of the simple periodic orbits (those with only two vertical cuts on the x-axis, per period) define the lower as well as the upper limits on the (x, C) plane, in which all the periodic orbits of higher multiplicity exist and evolve. For example, for β = 0.05 (see panel (a) of Fig. 6 ) it is seen that the lower characteristic curve of the simple periodic orbits (with n = 1) is intersected by all the closed curves, which correspond to periodic orbits of higher multiplicity. In addition, these closed curves expand below the characteristic curve of the simple periodic orbits. On the other hand, for β = 50 (see panel (d) of Fig. 6 ), all the closed curves of the symmetric periodic orbits with n > 1 exist and evolve entirely between the two characteristic curves, formed by initial conditions of simple periodic orbits.
Therefore, we may conclude that when the mass of the central primary body is significantly larger than the masses of the other three peripheral primaries, the two characteristic curves of the simple periodic orbits define the region on the (x, C) plane, where all the symmetric periodic orbits of higher multiplicity (n > 1) exist and evolve.
Stability of periodic solutions
In the previous subsection, we numerically computed the initial conditions of the symmetric periodic orbits with multiplicity up to ten, for four values of the mass parameter β. One of the most important properties of the periodic solutions is their linear stability, which characterizes not only the periodic orbits themselves but also the dynamical system in general. For this purpose, we also studied the stability of all the symmetric families of periodic orbits (in other words, for all multiplicities) and for all values of the mass parameter.
The horizontal as well as the vertical iso-energetic linear (first approximation) stability of the symmetric periodic orbits is determined by computing the corresponding stability parameters a h and a v , as they have been defined in [23] . For obtaining the linear stability of a periodic orbits we need to know its initial conditions with accuracy. Therefore, we numerically calculated the exact initial conditions of the periodic orbits as follows: when the initial conditions of a periodic orbit are derived, by the grid method, with accuracy according to the step size of the grid, then we proceeded to the calculation of the exact initial conditions of the periodic solution, using the standard corrector procedure, by numerically integrating the equations of motion along with the variational equations. The desired accuracy of the numerical integration in this work corresponds to twelve significant decimal figures, while the numerical error regarding the initial conditions of a periodic orbit is less than 10 −8 . As an error in periodicity we define the sum of the absolute difference between the initial numerical values (for t = 0) and the final numerical values (for t = T ), for all variables. In all periodic orbits computed in this work, the numerical value of the Jacobi constant is conserved, during the numerical integration, with accuracy regarding the first 8 significant decimal digits. Especially in the case of the critical periodic solutions of the problem the accuracy is significantly increased regarding the first 15 significant decimal digits of C.
The linear stability of the symmetric periodic orbits with multiplicity up to ten, for the four values of the mass parameter β, is given in Fig. 7(a-d) . One can observe that the vast majority of the symmetric periodic orbits are unstable, while they are mainly located in the central region of the (x, C) plane. Furthermore, stable periodic solution appear mainly at the lower and upper part of the region, defined by the periodic initial conditions. Stable periodic orbits are also observed between the energetically forbidden regions of motion. This fact is very interesting because there exist the families of the simple periodic solutions. Therefore, it is seen that in the vicinity of the simple periodic orbits there exist families composed mainly of stable periodic orbits. It is also of particular interest that the mass parameter β does not practically affect the overall structure of the families of the periodic orbits as well as the ratio between stable and unstable periodic solutions.
The above-mentioned important properties of the simple symmetric periodic solutions of the dynamical system lead us to further numerically investigate them. Our numerical outcomes are presented in the following subsection.
It should be noted here that in the next subsection, we will encounter families which contain periodic solutions which tend to collide with one of the primaries. The relations (3) define the distances between the position of the test particle and the centers of the primary bodies. According to the bibliography, a collision with one of the primaries at t * is defined when the distance between the test particle and the respective primary tends to zero, when t → t * . In this work, when we state that a particular family leads to collision with one of the primaries, we simply imply that the distance between the test particle and the respective primary is smaller with respect to the minimum distance of the previous solutions, while it reduces for all next periodic solutions of the same family. Practically, we stop the computation of an orbital family when a periodic solution is obtained with a minimum distance between the test particle and the primary which is less that 10 −5 .
Symmetric periodic solution
Studying the families of the simple periodic solutions of the problem we present in this subsection the network of all the respective families on the (x, C) plane. Moreover, we choose one particular family of the simple periodic solutions, hereafter fam1, and we explore not only the shape and form of the corresponding orbits but also their time evolution. In addition, for every simple periodic solution we compute both the horizontal and the vertical stability indices. Our aim is to determine the influence of the mass parameter β on the dynamical properties of this family of periodic orbits.
In Fig. 8(a-d) we see how the initial conditions of stable (green) and unstable (red) simple (n = 1) periodic orbits are distributed on the (x, C) plane, for four values of the mass parameter β. In the same figure we also include the basins of non-escaping regular motion, shown earlier in Fig. 2(a-d) . We observe the excellent agreement of the results, that is how the stable branches of the simple periodic orbits coincide with the simultaneous presence of islands of quasi-periodic orbits. On the contrary, in the areas where the branches of the unstable periodic orbits exist there is no numerical indication of quasi-periodic stability islands. Furthermore, it is evident, that when the mass of the central primary body is significantly larger than the masses of the other three primaries the number of the families is reduced, while at the same time the area on the (x, C) plane, occupied by these symmetric periodic orbits, shrinks. In Fig. 8 the positions of the collinear equilibrium points L 1 , L 2 , and L 3 are pinpointed by red circles, while the black, vertical, dashed lines indicate the centers of the two primary bodies P 0 and P 1 .
By computing the linear stability of the periodic solutions of family fam1 we also simultaneously derived both the horizontal and vertical-critical periodic solutions. The critical periodic solutions of a family are of paramount importance since from the horizontal-critical ones new families of coplanar periodic orbits are bifurcated, while the vertical-critical solutions are starting points for the determination of new families of three-dimensional periodic orbits. A periodic orbit is horizontal-critical when |a h | = 1, while is vertical-critical when |a v | = 1 (more details are given in [24] ). A periodic solution is horizontal stable if |a h | < 1, and vertical stable if |a v | < 1. The verticalcritical periodic orbits are also known as generating planar orbits because, as we have already mentioned, they are used as initial conditions for locating new families of periodic orbits of the system in three dimensions.
When β = 0.05 the family fam1 is composed of simple periodic orbits which retrogradely circulate around the primary bodies P 2 and P 3 , while the pass very close to the central primary P 0 . With decreasing time the periodic orbits of family fam1 gradually grow, while when the value of the Jacobi constant C becomes lower than C = −6 (which has been set as the lower limit) the numerical search of periodic orbits is terminated. On the other hand, with increasing time the family evolves and the corresponding periodic orbits tend to become asymptotic to the libration points L 6 and L 9 , as it is seen in panel (b) of Fig. 9 . In the same panel figure, the positions of the centers of the primary bodies as well as of the equilibrium points are also indicated.
In panel (a) of Fig. 9 we provide the linear stability diagrams, regarding family fam1, when β = 0.05. It is observed that the family fam1 is mainly composed of unstable periodic orbits. However as the time increases, and the family tends to obtain asymptotic solutions, stable solution appear. In the same diagram the vertical-critical periodic solutions are indicated by small triangles, while for the locations of the horizontal-critical solutions we use small circles. The two horizontal, dashed lines correspond to a h = a v = ±1 and delimit the region inside which stable periodic orbits exist. In Table 1 we indicatively provide the initial conditions of some of the critical periodic solutions of the family fam1. Specifically, we provide the initial coordinate x 0 (the initial condition on the x-axis), the value of the Jacobi constant C, the time t = T /2 (where T is the period of the orbits) and also the type of critically stability (horizontally or vertically) of the periodic orbits.
For β = 0.5 the structure of the family fam1 qualitatively does not change, in relation to what we seen for β = 0.05. The shape of the corresponding periodic orbits remains the same, while the pattern of their evolution has the same characteristics: namely, from one side the family fam1 goes outside of the limit C = −6 (and we stopped to calculate the rest of the family), and from the other side the family tends to, as the time t → ∞, in asymptotic orbits around the critical equilibrium points L 6 and L 9 (see panel (b) of Fig. 10 ). When β = 0.5 the family fam1 contains both horizontal and vertical-critical periodic solutions (see panel (a) of Fig. 10 ) , while in Table 1 we provide the details of some of them.
For the next two cases, that is for β = 5 and β = 50, the content of the periodic network changes since the amount of stable periodic orbits increases (see panels (a-b) of Figs. 11 and 12). In panels (b) of Figs. 11 and 12 we present local magnifications of panels (a), near the stability regions we present two periodic orbit, just before collision occur for family fam1, for β = 5 and β = 50, respectively. Some characteristic examples of critical periodic orbits of the family fam1, for the last two cases of the mass parameter, are also given in Table 1 . For better comparison, in panel (a) of Fig. 13 we depict the characteristic curves on the (x, C) plane, for all four families of periodic orbits and for all four values of the mass parameter β. In the same diagram, using red color, we also present the linear stability arcs. It should be noted, that the extremely small energy ranges of stable periodic orbits, for β = 0.05 and β = 0.5, are not visible. From this diagram it becomes evident that the mass parameter β greatly influences the families of the periodic orbits. Indeed, with increasing value of the mass parameter the several families of periodic orbits shrink, while at the same time the energy regions of stable periodic solutions grow.
The evolution of the half-period T /2, for all four cases, is given in panel (b) of Fig. 13 . It is observed, that for the cases with β = 0.05 and β = 0.5, where asymptotic solutions exist, the time of the half-period tends to infinity. On the contrary, for the cases with β = 5 and β = 50 the evolution of the half-period time ends, when upon the collision of the test particle with the central primary body P 0 .
Finally, in panel (c) of Fig. 13 we illustrate, with different colors, the shape of four symmetric periodic orbits, for the four values of the mass parameter β. For being able to directly compare these four periodic orbits we chose, for all of them, the same value of the Jacobi constant C = 0.5. The linear stability of the periodic orbits is also given in the same diagram, where it is seen that first three of them (corresponding to β = {0.05, 0.5, 5}) are unstable, while the periodic orbit corresponding to β = 50 is stable.
Families of non-symmetric periodic orbits
One of the most important issues in dynamical systems is the study of non-symmetric periodic orbits and particularly of simple non-symmetric periodic orbits, with only two intersections with the horizontal x-axis, per period. At this point, it should be noted that when we talk about symmetric and non-symmetric periodic orbits we refer to symmetry of the periodic solution, with respect to the horizontal x-axis of the system.
The determination of the families of the symmetric periodic solutions is feasible by using the grid method, as it was explained in the previous subsection 4.1, and by obtaining the set (x 0 , y 0 = 0,ẋ 0 = 0,ẏ 0 (x 0 , C 0 ) > 0). On the other hand, the task of locating non-symmetric periodic orbits is by far more complicated, since now the required initial conditions are (x 0 , y 0 = 0,ẋ 0 ,ẏ 0 (x 0 ,ẋ 0 , C 0 ) > 0). Therefore, the non-zero parameterẋ 0 adds an extra dimension to the grid method. For this purpose, in many cases for locating non-symmetric periodic solutions, we first locate the families of the symmetric periodic solutions and then we compute the horizontal-critical periodic orbits with the properties a h = 1 and b h = 0 (see e.g., [41] ). Then we are sure that this critical periodic solutions intersects a family of non-symmetric periodic orbits (for more details the reader is referred to [23, 25] ). In other cases, depending of course on the particular symmetry of the system, we ex- ploit the possible symmetry of the periodic solutions, with respect to the vertical y-axis. Then the set of the initial conditions is (x 0 = 0, y 0 ,ẋ 0 (y 0 , C 0 ),ẏ 0 = 0, and therefore the grid method is also applicable for finding periodic solutions (if they exist) which are symmetric, with respect to the y-axis, but non-symmetric, with respect to the x-axis.
Due to the fact that the peripheral primary bodies have equal masses three axes of symmetries exist in the system under consideration. This means that we can use the presence of symmetries for searching for non-symmetric periodic solutions which are launched vertically from the axes of symmetry. We will also search for simple (with only two intersections with the x-axis, per period) non-symmetric periodic orbits, with constantẋ 0 = const. = 0, when the use of the grid method is applicable.
For every family of non-symmetric periodic solutions and also for every periodic orbit we will also compute the corresponding linear stability, in an attempt to present a complete view, regarding the network of the periodic orbits in the planar circular restricted five-body problem. For the numerical study of the horizontal-stability we use the stability index S h (see [23, 24] ), which is defined as S h = (a h + d h ) /2, while for the vertical-stability we similarly use the index S v = (a v + d v ) /2. Specifically, the equations of motion (4) can also be written aṡ
for x 1 = x, x 2 = y, x 3 = z, while
If we define an iso-energetic mapping of the Poincaré surface of section (x 1 , x 4 ) into itself then the mapping can be described by
Then, the parameters of the horizontal linear stability are
and they describe the linear stability of the planar periodic orbits under perturbations in the plane of motion, while they are also the coefficients from the variational matrix
In the same vein, the parameters of the vertical stability are given by the following relations (13) when v ij = ∂x i /∂x 0j , i, j = 1, . . . , 6 and T the full period time.
A non-symmetric periodic orbit is horizontal-stable if −1 < S h < 1 and vertical-stable if −1 < S v < 1, while the case of a critical solution appears when S h = ±1 (horizontal-critical) and S v = ±1 (vertical-critical). In the following subsections, we will also compute and present the critical periodic solutions of all the families of the periodic orbits.
4.2.1. Non-symmetric periodic solutions for β = 0.05
Using the above-mentioned technique we managed to locate several families of simple non-symmetric periodic orbits, when β = 0.05. In this subsection, we are going to present in detail ten of the families of non-symmetric periodic solutions.
The characteristic curves of the ten families of simple non-symmetric periodic orbits on the (x, C) plane, for β = 0.05, are illustrated in Fig. 14. Here it should be emphasized that in the case of symmetric periodic solutions the data of the (x, C) plane provide information for the full set of initial conditions (x 0 , y 0 = 0,ẋ 0 = 0,ẏ 0 (x 0 , C 0 )) of the orbits. On the other hand, in the case of nonsymmetric periodic solutions we cannot obtain information for the full set of initial conditions, mainly because the characteristic curves do not provide any kind of information, regarding the initial velocities of the test particle (fifth body). We chose these ten families of non-symmetric periodic orbits so as to cover almost all the available space on the (x, C) plane, that is the left-hand side of P 0 (near the equilibrium point L 3 ), between the primaries P 0 and P 1 (near the equilibrium point L 1 ), as well as in the righthand side of P 1 (near the equilibrium point L 2 ). For every non-symmetric periodic orbit we computed its linear stability and the corresponding results are also given in Fig. 14, using red arcs. In Fig. 15(a-c) we provide the characteristic curves of the ten families of non-symmetric periodic orbits on the two-dimensional planes (ẋ, C), (ẏ, C), and (T, C), for β = 0.05. In panel (c) it is seen that several of the characteristic curves of the families of non-symmetric periodic orbits tend to the value of the Jacobi constant C which correspond to the equilibrium points L 3 , L 6 , and L 9 , while the time of the period T tends to infinity. This behavior leads us to the conclusion that many of the orbital families have as members non-symmetric asymptotic solutions.
The orbital family fam1 is composed of non-symmetric periodic orbits which circulate around all the primary bodies P 0 , P 1 , and P 3 . In panel (b) of Fig. 16 we show, in green color, a characteristic periodic orbit of the family fam1. With decreasing time the non-symmetric periodic orbits shrink in size and finally they collide with the cen- tral primary body P 0 (black orbit in the panel (b) of Fig.  16 ). On the contrary, with increasing time the size of the orbits grows and finally it leads to collision with the peripheral primary body P 2 (blue orbit in the panel (b) of Fig. 16 ). All the orbits of the family fam1 are symmetric with respect to the axis of the system which crosses the centers of the primaries P 0 and P 2 , while obviously they are not symmetric, with respect to the horizontal x-axis. The linear stability curves, associated with the stability indices S h and S v , of the simple non-symmetric periodic obits of family fam1 are depicted in panel (a) of Fig. 16 . It is observed that for the family fam1 stable periodic orbits as well as horizontal and vertical-critical periodic solutions exist. These non-symmetric critical periodic orbits are in- Two periodic orbits of this family. The black one is just before the test particle collides with the primary bodies P 1 and P 2 , while the blue orbit is an almost homoclinic asymptotic solution around the equilibrium point L 9 . (Color figure online) .
tersected by periodic orbits of other families, not only on the plane but also in three dimensions.
The orbital family fam2 contains non-symmetric periodic orbits which circulate around the primary bodies P 0 and P 2 . In panel (b) of Fig. 17 we present a characteristic example of periodic solution belonging to family fam2. As the time decreases the non-symmetric periodic orbits of the family fam2 lead to collision with the primary body P 2 , while with increasing time the periodic solutions lead to collision with the central primary P 0 . From the shape of the trajectories it becomes evident that these periodic solutions do not display any kind of symmetry, with respect to the symmetry axes of the system. In panel (a) of Fig. 17 we provide the linear stability diagram of the orbital family fam2, where one can observe that the family contains both stable as well as two horizontal and five vertical-critical periodic orbits. Using a five-pointed star we mark the collision orbits of the family. Specifically, the one with the larger value of the Jacobi constant corresponds to almost collision with the central primary P 0 , while that with the lowest value of C corresponds to almost collision with the primary body P 2 .
The non-symmetric periodic orbits of the family fam3 circulate around all primary bodies, with a characteristic loop around the primary P 3 . With decreasing time the loop around P 3 becomes smaller and finally it leads to collision with the same primary. As the time increases, the loop grows in size and tends to the horizontal x-axis, which implies that the multiplicity of the orbit is about to change. At the same time the computation of the family is stopped because in this study we are only interested of simple periodic orbits of the system. The orbit in black, shown in panel (b) of Fig. 18 , is an orbit just before the collision with the primary P 3 , while the orbit, shown in blue, is an orbit adjacent to the x-axis, just before the change of the multiplicity of the orbital family. The periodic orbits of the family fam3 are symmetric, with respect to the symmetry axis of the system which passes through the centers of the primary bodies P 0 and P 3 but they are not symmetric, relative to the horizontal x-axis.
The characteristic linear stability curves of the orbital family fam3 are given in panel (a) of Fig. 18 , where it is clearly seen that the family is completely verticalstable, while a small segment of horizontal-stability is also present. The same orbital family has two horizontal-critical periodic solutions, while vertical-critical periodic orbits do not exist. In the same panel a black five-pointed star indicates the orbit just before the collision with the primary body P 3 , while using blue five-pointed star we pinpoint the orbit just before the change of the multiplicity of the family.
The orbital family fam4 consists of non-symmetric periodic orbits which circulate around all the primary bodies of the system. This family terminates from both sides with asymptotic solutions. Being more specific, from one side the family leads to homoclinic asymptotic solutions around the equilibrium point L 9 (black orbit in panel (b) of Fig.  19 ), while from the other side the family leads to heteroclinic asymptotic solutions around the equilibrium points L 3 and L 6 (blue orbit in panel (b) of Fig. 19 ). It should be noted that the asymptotic orbits around the libration points L 3 and L 6 are obviously not simple periodic orbits, since L 3 is a collinear equilibrium point and therefore lies on the horizontal x-axis. There the infinite (theoretically) loops around the equilibrium point intersect infinite times the x-axis and therefore the multiplicity of the family tends to infinity. Nevertheless, due to the high importance of the asymptotic solutions in a dynamical system, these orbits have been computed and presented in panel (b) of Fig.  19 . The periodic orbits of the family fam4 are symmetric, with respect to the axis of symmetry of the system which passes through the centers of the primaries P 0 and P 3 .
As it is seen from of the linear stability diagram, presented in panel (a) of Fig. 19 , the orbital family fam4 has stable solutions. Furthermore, this family has infinite (theoretically) critical periodic solutions, due to the existence of the asymptotic orbits. In our analysis, we computed more than thirty (30) critical periodic orbits, which are indicated by small circles and triangles in panel (a) of Fig.  19 . The initial conditions of some of these critical periodic orbits are given in Table 2 , at the end of this section.
Orbital family fam5 contains simple non-symmetric periodic orbits which circulate around the primary bodies P 0 and P 3 of the system. From both sides, during its evolution, the orbits of this family lead to collision with the primary P 2 . A characteristic orbit of the family fam5, just before the collision, is illustrated in panel This orbital family has also stable periodic solutions, according to linear stability diagram given in panel (a) of Fig. 20 . The family fam5 has two horizontal-critical and two vertical-critical periodic orbits, which are indicated by small black circles and triangles, respectively in the linear stability diagram. At the same plot we note, using black five-pointed stars, the periodic orbits, juts before the collision with the primary P 2 .
The orbital family fam6 is composed of non-symmetric periodic orbits which circulate around of the primary bodies P 0 and P 3 . With decreasing time the orbits shrink and finally they led to collision with the central primary body P 0 (orbit in black in panel (b) of Fig. 21 ). On the other hand, with increasing time they grow in size and for t → ∞ they lead to asymptotic orbits around the equilibrium points L 3 and L 6 (orbit in blue in panel (b) of Fig.  21 ). The orbits of this family are symmetric, with respect to the axis of symmetry which passes through the centers of the primaries P 0 and P 3 , while they are not symmetric, with respect to the horizontal x-axis.
In panel (a) of Fig. 21 we provide the linear stability diagram of the orbital family fam6, where we observe that stable solutions do exist. At the left-hand side of the stability diagram we see the finite number of horizontal and vertical-critical periodic orbits, while at the righthand side of the same diagram a large number (theoretically there should be infinite number as t → ∞) of both horizontal and vertical-critical periodic orbits is confined, due to the asymptotic solutions of the family.
The members of the orbital family fam7 are non-symmetric periodic orbits which circulate around the equilibrium point L 2 . This family is one of most interesting orbital families of the system because as the time decreases the family fam7 of the non-symmetric orbits tend to coincide with the family of symmetric periodic orbits which emerge from the libration point L 2 . The common critical solution (bifurcation) of the symmetric and non-symmetric families is shown, in black color, in panel (b) of Fig. 22 . The initial conditions of the horizontal-critical periodic orbit are given in Table 2 . With increasing time, the orbital family evolves and the corresponding solutions lead to asymptotic orbits, around the equilibrium point L 9 (orbit in blue in panel (b) of Fig. 22 ). The periodic orbits of the family fam7 are not symmetric with respect to none of the symmetry axes of the system.
The linear stability diagram of the orbital family fam7 is presented in panel (a) of Fig. 22 . In this plot, we indicate the critical orbit which is the bifurcation between the symmetric and the non-symmetric families of periodic orbits. According to the stability diagram, stable periodic orbits are possible for the family fam7. Due to the existence of the asymptotic solutions there exist numerous (theoretically infinite) horizontal and vertical-critical orbits, which are noted using small circles and triangles, respectively.
The orbital family fam8 consists of non-symmetric periodic orbits which circulate around only the central primary body P 0 . In panel (b) of Fig. 23 the orbit in black is a characteristic orbit of this family. As time decreases, the size of the periodic orbits is reduced and finally they lead to collision with the primary P 0 . On the contrary, as time increases, the orbits grow in size and finally they intersect again the horizontal x-axis, thus changing multiplicity. In the diagram of Fig. 23b we provide, in blue color, the shape of an orbit, just before it intersects the x-axis for more than two times. It is observed that this family contains orbits whose shape is considerably smaller, in relation to the periodic orbits of the other families (note the smaller scale on both axes of the frame in Fig. 23b) . The periodic solutions of the family fam8 are symmetric, with respect to the axis of symmetry which passes through the centers of the primary bodies P 0 and P 2 , but they are not symmetric, with respect to the horizontal x-axis.
In panel (a) of Fig. 23 we present the linear stability diagram of the orbital family fam8 from which we deduce that the corresponding periodic orbits are entirely horizontal unstable, while the vast majority of them is vertical stable. The collision orbit with the primary P 0 is indicated by a black five-pointed star, while the blue star denotes the periodic orbits, just before the change of the multiplicity. From the same diagram one can see that for the family fam8 we have six vertical-critical periodic solutions (two of them, at the right-hand side of the diagram, are very close to each other), while there is no horizontal-critical periodic orbit.
The orbital family fam9 is composed of non-symmetric periodic obits which circulate around the primary bodies P 0 and P 3 . With decreasing time the family evolves and the corresponding orbits lead to collision with the peripheral primary P 2 . On the other hand, with increasing time the solutions evolve to asymptotic periodic orbits around the libation point L 6 . In panel (b) of Fig. 24 we depict, in black color, a characteristic orbit of this family, just before the collision with the primary P 2 , while in the same plot, with blue color, we provide an almost asymptotic orbit to L 6 . All the periodic orbits of the family fam9 are nonsymmetric, with respect to all of the axes of symmetry of the system.
The linear stability diagram, corresponding to orbital family fam9, is presented in panel (a) of Fig. 24 . One can observe that the family contains stable solutions with (theoretically) infinite critical periodic orbits, due to the loops of the orbits which tend asymptotically to the equilibrium point L 6 . A periodic orbit, just before the collision with the primary P 2 , is indicated using a five-pointed star in the diagram of Fig. 24a .
Finally, the orbital family fam10 consists of non-symmetric periodic orbits which circulate outside the primaries of the system, while they pass close to the primary bodies P 1 and P 2 . From one side (when t → 0) the family leads to collision with the bodies P 1 and P 2 (orbit in black in panel (b) of Fig. 25) , while from the other side (when t → ∞) the family tends to an asymptotic solution around the equilibrium point L 9 (orbit in blue in panel (b) of Fig. 25 ). All the periodic orbits of this family are symmetric, with respect to the axis of symmetry which passes through the centers of the primaries P 0 and P 3 , while they are not symmetric, with respect to the horizontal x-axis.
Looking at the linear stability diagram, given in panel (a) of Fig. 25 , it becomes evident that stable periodic solutions exist for the orbital family fam10. In the same diagram, we mark, several of the critical periodic orbits (theoretically there should be infinite such orbits), using circles for the horizontal-critical ones and triangles for the vertical-critical one, while with a five-pointed star we indicate a periodic orbit, just before collision with the primaries P 1 and P 2 .
In Table 2 we provide, for each of the ten orbital families, the initial conditions, the value of the Jacobi constant C, the period T , as well as the stability of one horizontal and one vertical-critical periodic orbit. For all these nonsymmetric periodic solutions we have thatẏ 0 > 0. For the orbital family fam3 we do not give any vertical-critical periodic orbit, because fam3 is entirely vertical stable (see panel (a) of Fig. 18 ) and therefore critical orbits with S v = ±1 simply do not exist. Similarly, we dot not provide any horizontal-critical periodic orbit for the family fam8, because this orbital family is entirely horizontal stable (see panel (a) of Fig. 23 ). The orbital family fam3 is intersected with a family of symmetric periodic orbits, which emerge in the vicinity of the collinear equilibrium point L 2 of the system. In Table 2 , apart from one horizontal and one vertical-critical solution of family fam3 we also give the common periodic orbits which belongs to both families (being a symmetric solution it hasẋ 0 = 0). More- Figure 26 : The black solid lines are the characteristic curves on the (x, C), (ẋ, C), (ẏ, C) and (T, C) of the family fam1 of the non-symmetric periodic orbits, for β = 0.05, 0.5, 5 and 50, respectively. Same presentation of the family fam6 (blue lines), for β = 0.05 and 0.5. In the (x, C) plane we indicate the stable non-symmetric periodic solutions using red arcs. (Color figure online) .
over, it should also be noted that in Table 2, in contrast  with Table 1 , the provided infirmation has increased accuracy of ten significant decimal figures. This is because for the symmetric solutions we could stop the computations after time equal to half of the period (T /2) of the orbits, while on the other hand for the non-symmetric solutions the computations require a time interval equal to the full period T of the orbits. In order to investigate how the mass parameter β influences the properties of the families of the non-symmetric periodic orbits we study the evolution of the orbital families fam1 and fam6, when β = {0.5, 5, 50}.
The characteristic curves of the orbital families fam1 and fam6 on the (x, C) plane, for β = {0.05, 0.5, 5, 50}, are presented in panel (a) of Fig. 26 . The influence of the mass parameter on the evolution of the families becomes evident, while it should be pointed out that the family fam6 does not exist when β = 5 and β = 50. In the same diagram we also provide, with red color, the horizontal linear stability of the periodic orbits. Therefore, the red arcs in every characteristic curve denote horizontal stable non-symmetric periodic orbits of the families fam1 and fam6. All the orbital families have stable periodic solutions apart from the family fam1 for β = 50.
As it was explained in the previous subsection, the presentation of the non-symmetric periodic solutions on the (x, C) plane is not sufficient, since it does not provide any information regarding the initial conditions of the velocities of the test particle (fifth body). For this reason, in panels (b) and (c) of Fig. 26 we illustrate the character- istic curves of the orbital families fam1 and fam6 on the (ẋ, C) and (ẏ, C) planes, respectively. Similarly, in panel (d) of the same figure we see the parametric evolution of the Jacobi constant C, as a function of the period T of the orbits, on the (T, C) plane.
For determining the influence of the mass parameter on the linear stability of the periodic orbits we present in Fig. 27(a-d) the corresponding stability diagrams of the family fam1, for the four values of the mass parameter. This family has horizontal and vertical stable periodic solutions, for all values of β, apart from the case with β = 50, where the family fam1 is entirely horizontal unstable, with small segments of vertical stability. With increasing value of the mass parameter the intervals with horizontal linear stability decrease. For all studied values of β the family fam1 has horizontal and vertical-critical periodic solutions, apart from the case with β = 50, where only vertical-critical periodic solutions exist. Nevertheless, the vertical stability of the orbits is also influenced by the mass parameter. This is true because as the value of β increases, the intervals of the vertical stability decrease.
In Fig. 28(a-b) we show characteristic non-symmetric periodic orbits of the orbital family fam1, for β = {0.05, 0.5, 5, 50}. For all the values of the mass parameter, the family fam1 is composed by retrograded non-symmetric periodic orbits, which circulate around the primary bodies P 0 , P 1 , and P 3 . With decreasing time, the orbits of this family, for all values of β, are reduced and they approach the three primaries, while they finally they lead to collision with the primary P 0 . On the contrary, with increasing time, the periodic orbits grow in size and finally they lead to collision with the primary P 2 (for β = 0.05) and with the primary P 3 (for β = {0.5, 5, 50}). This difference, regarding to which primary they collide with increasing time, is due to the initial value of the velocityẋ. In particular, for β = 0.05 the initial value ofẋ is positive, while for larger values of the mass parameter it becomes negative (ẋ 0 < 0) (see panel (b) of Fig. 26 , where the signs ofẋ are clearly visible). This change on the sign of the initial velocity is responsible for the differences on the shape of the periodic orbits, for the different values of the mass parameter.
Concluding remarks
In this work the orbital dynamics of the planar circular restricted five-body problem have been numerically investigated. Through the numerical integration of large sets of initial conditions we managed to classify them into three main categories: (i) bounded (regular or chaotic) (ii) escaping and (iii) collision orbits. The influence of the mass parameter β on the orbital dynamics and on the degree of fractality of the phase space has been determined. The networks of the families of both symmetric and nonsymmetric periodic orbits have been explored, by using the grid method. Moreover, the parametric evolution of the horizontal and vertical linear stability (at first approximation) of the periodic solutions, as a function of the mass parameter, has also been studied.
A large number of families of both symmetric and nonsymmetric simple periodic orbits of the system have been found, while an analytic description of the most important outcomes, for four values of the mass parameter, have been presented. We located periodic orbits which circulate around one, two, three or even four primary bodies or equilibrium points. In addition, homoclinic and heteroclinic asymptotic solutions, around the libration points, have been found. These solutions have useful practical applications, since they circulate around an equilibrium point for infinite time (t → ∞). At this point, it should be noted, that the majority of these solutions are in fact stable periodic solutions. By comparing several results of the periodic solutions, for different values of the mass parameter, we concluded that the parameter β strongly influences the periodic solutions of the system. As far as we know, there are no previous related studies containing such systematic and thorough numerical analysis on the orbital dynamics of the planar restricted fivebody problem. More precisely, this is the first time where results regarding the nature as well as the linear stability of non-symmetric periodic solutions on the restricted fivebody problem are presented. On this basis, all the contained outcomes are novel and add to our existing knowledge on the orbital properties of the dynamical systems in the field of the few-body problem.
For classifying the initial conditions of the orbits on the two-dimensional planes we used a double precision Bulirsch-Stoer FORTRAN 77 code [45] . The required CPU time, per grid of initial conditions, was varying between half and 3 days, using an Intel Quad-Core TM i7 3.9 GHz PC. The latest versions 11.3 and 2018b of the softwares Mathematica [53] and Origin, respectively were used for developing all the graphical illustration of the paper.
In this article, we focused on the orbital dynamics of the planar version (two degrees of freedom) of the restricted five-body problem. An undeniably challenging task, for a future work, would be to unveil the orbital dynamics of the full system of three degree of freedom.
